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HW6Topic-VectorSpaces# ①

We are going to generalize

what a scalar
/number is .

] Field

Then we will generalize] rectorspace
what a vector

is .



-

#

f: A field Fis a setof objects

with two operations
+and a such that

for any
two elements xand y

in the

field F we
have thatthere

exist

unique
elements xty

and x-y

in the
field F.

people say

F.

xxy 3 ThatFed"under t

and e

musthold.

Also the following
three properties

⑰ Ifa and b are in F, then

a +b =b +a
amaativity

a.b =b.a -

(a +b) +c
=a +(b +c) *sivity

(a-b).c
=a.(b-c) -

a.(b +c)
=a.b +a. ~ distributiveWproperties

(b +c) -a =b.a
+ca
-



⑰There existdistinctelements -
0 and 1in F where 3 0 is called

an additive

x +0
=0 +x

=x
identity

x. 1
=1.x -
X

1 is called
d

for all Xin
F. multiplicative

identity

is

⑰ For each Xin F, there 3
called

in F I the
exists a unique element

additive
written as - X,

where
inverse

x +( -x)
=( - x) +x

=0

If xFo, there
exists

a unique element
in Es 3 catewritten as X, where multiplicative

inverse ofX

x.x
=xx =1



Ex:F =RR, the setofreal dat
-

numbers, is a field using the

usual -and
o

Hi!
- 2

- I

Ra field
ireal numbers

and multiplying
· Adding real number.
gives

a ⑰ are

① All the properties
from

true in R.

② RRhas
elements 0 and I

that

behave as in E.

③ We have is
true.

yearisserie



#X:The set
of complex

numbers &is
a
field.
-
2i

·
2+i

s-2 · z-Zi

We won'tuse this
field in

this class.

Eithereeven exist
fields
You

thatare
finitein

size.

getthese
by "modular

arithmetic".

-



16

For our class, we will

always use IRas

our field.

ButIwill
statetheorems

for general fields.

⑩generalizewhat

a
"vector"is.

-

7-8a handorf.



over a ↳7

↳of: IsSetof
"Vectors"V with two operations,

"Vector addition"
and "scalar multiplication"

·
,
such thatthe following

hold?

V is closed

① If Iand
iare in V, I under t

then itis
in V.

② If I is in
V and

I
~ is closed
under

a is in F, then scaling
⑧

do is in V.
commutative

③ IfandasIre 3
property

④test
⑤ There exists

a unique additive

vector of in V
where identity

+ = +

=
fur I I

all FEV.



⑥ For every rector Iin V ↳

there exists a unique vector
additive

denoted by -where

i +(- i) =( -) +
= Sinverses

⑦IfIis in V and I absI
changeisthe multiplicative dete the

rector

⑧ If is in V and

<, one in F, then

(B) =
xo (Bol

and

⑨ IfI
and toare in

V I
- utive

a is in F,
then ->

d.(E + E)
=do+dow distrib-

⑩ If is in V and 2,B ↓
pro Is

are in F, then-> ->

( +B). =x.V +Bov



#LetV-RR" and F-IR 19

R" is a vector space over
the field R

using the usual vector
addition and

scalar multiplication.

Feld
-

F
=Ri

vector addition:
-

x,z) +(0,
- 5) =(,

-z)

scalar multiplication:

-4,-2) =[5, -10)



One can check thatthis
↳0

example satisfies all10

properties ofbeing a vector

some we
did in

space.

class and HW in earlier

topics.



&
#>Let

v=Ma, n
=5)=a))asrs

= (18. CS Is), (),j]
T- tel1

these are the
more

-11

"vectors

and F =R =ts

:liti



We will use
the usual

addition L

I :i) +(it)
=(? I

and sealormalicie
One can

check thatthe 10 vector

space properties
hold.

Here the zero
vector is

I =18 S
and the additive inverse

of = (-)

is -

=(=2
=aC

So, V
=Ma,is a vector space

over the field F=R.



#

Pick some integer ny,0 ↳

So, a can be 0, 1,2,3,4,000)

LetV be the set
of all polynomials

of degree In,
denoted by Pr.

"vectors"
So, W
V =Pr L
- ~) 90,2, ...,

an3are real

= Eaota,x+a,x
... and numbers

LetF
=R.*

Define vector addition
as the

Usual polynomial addition

6



That is, 24

(ar+a,x+ ...+anx)
+(botb,x+ ...+dex)

= (a.+bo) +(a,
+ bi)x+...t(antbe)x

Scala multiplication
is

>acta,x+ .. .
+ax")

=> (xa.) + (da.) x
+
...+(a)X

Two polynomials
are defined

tobe

ifthey have the
same

equal
coefficients. That

is,

Got a,X+...+
anx" =botb,x+...+bex

if and only
if

9=bo, a,
=b.g...., an= br



Here, ↳

8 =0 +0x +0x+.. +0x

anch

- Cao+a,x+acxt...
+
anx)

=(-a) +(
- a)x +(-

a)x2...+f-anx

One can
verify thatproperties

① -D one
true and

hence

V =P, is a
vector space

over
F =R.



Ex: F =IR -Stars
↳16

es
V =P = ↓

=540 +a,x +a2x+asx3)a"
⑤ 109

9
F

=51 - x, Nox+uxP
⑰Oxoxox

&00

1x
- x
+x9 X

3

9

I
3
-

doxix"i
Examples of adding & scaling?-
-

(1- x) +(1 +x - x
+x) =2

-x+x

5(1+x -x +x3)
=5 +5x - 5x+5x3



Notice that Ps behaves ⑳7

like RRY. The powers
of Xare

like placeholders.
+x
+2x)

Ex
+3X

=
6 +X

This is like 1,27

ES

and scaling

3.1 +x
- x
+3x)) =3 +3x-3x 15x

thats
like

31,1,
- 4,5) =(3,3,

-3,15)



#ef: LetV be a V 1
Vector space

over a

field F. LetW W

be a subsetof
V.⑮We say that

W is

a space
ofV

ifthe
following

three
conditions

holdi

① 8 is in W. W is closed
->

② If
Iand

wave in
W, I under vector

Itis in W. addition

③ If Zis
in Wand & W is

closed
then

-> I under scaler
is in F, then multiplication

dE is in W.

V

⑳.... ...
-howthat ifW is a subspace
Note:
-

of V if and rely if itselfis
a

vector space living inside ofV.



#Consider the vector L
V =IRP over the field

space

F=IR.

Let

w
=E(x,0)) x =R3

=[0,0,
(-1,07,
T,0,oy
x=I ↑

X =0
x
=-1

⑲te
V=1R2

·[1,17 prove

Itw
a subspace⑳↳of V.

Not:



①Setx =

0 in <x,0) and we ↳
getthat 20,0)

=B is in W.

② LetI, Ibe
in W.

Then, I
=(xy0)

and E
=(Xn,0

where Xi,
Xz EIR.

Then,
i +E =(x, +x2,

0)

which
is an

elementof
W.

③ Letbe
in W and a

be

in F =R.

Since I is
in W we

know
that

E =(X,0)
where x

=1.

=E =x(x,0)
=(ax,0)

Then,

which
is an

element
of
W.

By Q, 2,
and B we

have that
2

W is a subspace of V=R



EX:Consider the vector space ↳
-

V =IR2 over F
=IR.

Consider

w =[(x,/x -
13

=[(0,1,(π,1,(
- t,...]
--
-

x =π x
=-E

filelX
=0

many

more

V=IR2

·
[0,2]

⑰"



Itturns outthatw is nota E
subspace of V =1R?

Example:

① Note that
I =<0,07 is notof

the form (X,K. thus,
Ifew. 2

~
is

notassorof
re

don'thold
for We

For example:
-

② Let=72,
and

=[3,K.

then I, is
are both in

We

However,
I +I

=(2,1 +(3,1
v =1R

=
(5,27

which
isn'tin

we

ihrs,
condition a result

hold and W is not

a subspace ofV=I?



#: LetF =RRand ↳3

v =Mn
=5(2)(a,b,c,d -Y
=Els), (), (8),

The
We talked about

how ⑳in M2,z
M2,z is vector

space

where
vector addition

is given by

Ib +f

(e) +(t)=(g
dth

is given by

and scalan
multiplication

=(i)
=a S
-
<in f =(R)



&4
Let

d =a +b

W =S(I ((asb,c,d= ()
=((ii), ( ),... 3n many

more

n
- 3 =3-10 infinitely

2 =1
+1 L
W is a subspace:

Before we prove
0
=0 +0.

00 W becauseCool
(ii), (= s)

EW and (ii) +(=
s)-=(=-)wbecause

- 3
=6-9

(iv) ew and 3. (i2) =(33) Ew

because 6
=3+3



Let's prove thatW is a des

subspace of V =M2,z

roof:We need tocheck
the

3 criteria
from the previous

theorem.

① Is =(8%) in W
O

Yes, ifwe
seta

=b =c
=d =0

and d=at b
-

then 8 =(28) =(88) 0
=0+0

② Is W closed under
vector

addition 80

Letand
i be in

W.
Az

b z

-= (i ii)
and

=(cdu)
Then, v

where as
bis,dis Guba,,

da ER

and d=G,tb,
and d

=Aztbu
-
-en sincew

Since EW



Then, 126
b, +bz

i + =( d, +d2S
Adding di =a,b,

and d=antbe

di +dz
=a,

+b, +az
+bz

sirirtar!tere
under

vector

So, W
is closed

addition.

⑤

7



↳27
③ Let's show that Wis

closed under scalan multiplication.

Let EEW
and dER
-

F =R

Since EEW we know
that

a, b, c,dElR
E =(-) whereand d =a

+b.

Then,

-E =
c(=2) =(i)

d =a
+b by a

gives

Multiplying
(d)

=(xa) +
(xb)(**)

And (**)
tells us

that

-= Ia)
is in

W.

2Z

Thus, W is closed
under scalar
multiplication.



Since W satisfies properties 128

①,, and abie,

W is a subspace
of V=M2, 2.

#

-


